We prove that for every T 0 space X, there is a well-filtered space W (X) and a continuous mapping η X : X−→W (X) such that for any well-filtered space Y and any continuous mapping f : X−→Y there is a unique continuous mappingf : W (X)−→Y such that f =f • η X . Such a space W (X) will be called the well-filterification of X. This result gives a positive answer to one of the major open problems on well-filtered spaces. Another result on well-filtered spaces we will prove is that the product of two well-filtered spaces is well-filtered.
The three important topological properties for non-Hausdorff spaces are the sobriety, monotone convergence (or being d-space) and well-filterdness. It has been known for quite some time that every T 0 space has a sobrification (d-completion, resp.) [1] , equivalently, the subcategory of all sober spaces (monotone convergent spaces, resp.) is reflexive in the category of all T 0 spaces [1] [5] . However, it is still unknown whether the well-filterification exists for each T 0 space. The main aim of this paper is to give a positive answer to this problem. Oue main strategy is to use the criterions for the existence of K-fication suggested by Keimel and Lawson in [5] . Another problem on well-filteredeness is whether the product of two well-filtered spaces is a well-filtered space. We will also give a positive answer to this problem.
K-fication
Assume that a topological property, called K-property, is given. By [5] , a K-fication of a T 0 space X is a space F (X) with K-property and a continuous mapping η X : X−→F (X) which is universal among all continuous mappings from X to spaces with K-property: for any continuous mapping g : X−→Z to a space Z with K-property there is a unique continuous mappingĝ :
By [5] , if the K-property satisfies the following four conditions, then every T 0 space has a K-fication:
(K1) Every sober space has K-property; (K2) If X has K-property and Y is homeomorphic to X, then Y also has K-property.
(K3) If {X i } i∈I is a family of subspaces of a sober space such that each X i has K-property, then the subspace i∈I X i also has K-property;
(K4) If f : X−→Y is a continuous mapping and X and Y are sober spaces, then for any subspace
For any subset A of a space X, the saturation of A, denoted by sat(A), is defined to be
For a T 0 space (X, τ ), the specialization order, written ≤ τ (or just ≤), is define as x ≤ τ y iff x ∈ cl({y}), where cl is the closure operator. It is well known that a subset A is saturated iff it is an upper set (with respect to the specialization order):
In what follows, we shall use ↑ X A (or just ↑A, if no ambiguous occurs) to denoted the saturation of set A. The symbol ↓ X A denote the set ↓ X A = {x ∈ X : a ≤ x for some a ∈ A}, where ≤ is the specialization order on X. As in general posets, ↓ X x (↑ X x , resp.) denotes ↓ X {x} (↑ X {x}, resp.). Remark 1. If X 1 is a subspace of space X, for any A ⊆ X, we use
Of course, if A ⊆ X 1 then ↑ X 1 A(↓ X 1 A, resp.) equals the upper set (lower set, resp.) of A in the space X 1 .
The sobriety satisfies all conditions (K1)-(K4), hence the so called soberification exists for each T 0 space.
for any open set U and any filtered family F of saturated compact subsets of X, F ⊆ U implies F ⊆ U for some F ∈ F .
In this paper we prove that the well-filtered property satisfies all the condition (K1)-(K4), hence the well-filterification exists for every T 0 space.
(1) Every sober space is well-filtered, and a locally compact space is sober iff it is well-filtered [1] [3] .
(2) A T 0 space X is called a monotone convergent space (or d-space), if for any directed subset D of X (with respect to the specialization order on X), D exists and D converges (as a net ) to D. Every well-filtered space is monotone convergent. The monotone convergence is a topological property satisfying all conditions (K1) -(K4), thus the d-completion exists for each T 0 spaces [5] .
(3) If a space X is well-filtered and {F i } i∈I is a filtered family of (nonempty) saturated compact sets, then {F i : i ∈ I} is a (non-empty) saturated compact set [3] [8].
(4) For any saturated compact set E in a T 0 space, E =↑ C, where C is a compact set and an anti-chain (with respect to the specialization order). In other words, every element in E is above some minimal element(s) of E. This claims follows from the compactness and the Maximal Chain Principle.
For more about sober spaces, well-filterdness and saturated sets, we refer the reader to [1] 
Existence of well-filterification
Remark 3. If K 1 , K 2 , K 3 ⊆ X are subsets of a T 0 space X, such that ↑K 3 ⊆↑K 1 ∩ ↑K 2 , then for any lower set F ⊆ X (i.e. F =↓F ),
In fact, let y ∈ F ∩ K 3 . Then k 1 ≤ y for some k 1 ∈ K 1 , and k 2 ≤ y for some k 2 ∈ K 2 . Since y ∈ F =↓ F , we have that k 1 , k 2 ∈ F . It follows that
, which further deduces the desired inclusion.
Remark 4. Let f : X−→Y be a continuous mapping.
Lemma 1. Let X be a well-filtered space. Then for any filtered family {K i } i∈I of nonempty compact saturated subsets of X, we have (1) i∈I K i =↑ C, where C is a nonempty anti-chain;
(2) for each a ∈ C, i∈I ↑ (↓ a ∩ K i ) =↑ a.
Proof.
(1) This follows from Remark 2 (3)(4).
(2) Let a ∈ C. Then a ∈ C ⊆↑ C = i∈I K i , so a ∈ K i for each i ∈ I. In particular, ↓ a ∩ K i = ∅ for each i ∈ I. Now, by Remark 3 and that ↓ a is closed, {↑ (↓ a ∩ K i )} i∈I is a filtered family of nonempty compact saturated sets. Since X is well-filtered, applying (1) to this new family of saturated compact sets, there is a nonempty anti-chainĈ such that
Thus ↓ a ∩Ĉ = ∅. Take a t ∈↓ a ∩Ĉ. Then
Now we show thatĈ = {a}. Assume, on the contrary, that there is
as desired.
Lemma 2. Let W be a subspace of a sober space X. Assume that {K i } i∈I is a filtered family of compact saturated subsets of W , U is an open set of X such that (i) i∈I K i ⊆ U and (ii)
Proof. Since the closed set U c = X − U has a nonempty intersection with each K i (i ∈ I), by Topological Rudin Lemma [Keiml-Heckmann], there is a minimal irreducible closed set F ⊆ U c such that F ∩ K i = ∅(i ∈ I).
Here by minimality, we mean that if G ⊂ F is a closed proper subset of F , then G ∩ K i = ∅ holds for some i ∈ I. Since X is sober, F =↓ e for some e ∈ X.
Clearly ↑ e ⊆ i∈I ↑ (↓ e ∩ K i ) holds. Now let V be any open set of X containing e. If V c ∩ ↓ e ∩ K i = ∅ for all i ∈ I, then by the Topological Rudin Lemma again, there is a minimal irreducible closed set G of X such that G ⊆ V c and G∩ ↓ e ∩ K i = ∅ for all i ∈ I. Then G =↓ e ′ for some e ′ ∈ X (e ′ ∈ G ⊆ V c ) because X is sober. Now ↓ e ′ ∩ ↓ e ∩ K i = ∅ for all i ∈ I, so ↓ e ′ ∩ ↓ e =↓ e due to the minimality of ↓ e.
On the other hand, (↓ e ′ ∩ ↓ e)∩ ↓ e∩K i = ∅ for all i ∈ I, so ↓ e ′ ∩ ↓ e =↓ e ′ due to the minimality of ↓ e ′ . It thus follows that e = e ′ , But e ′ ∈ V and e ∈ V , this contradiction shows that there is
Therefore i∈I ↑ (↓ e ∩ K i ) =↑ e. Claim 2. e ∈ W . As a mater of fact, assume that e ∈ W , then as ↓ e ∩ K i = ∅ and K i is saturated in W , we have e ∈ K i for each i ∈ I. Then
which contradicts the assumption that ↓ e = F ⊆ U c .
The combination of Claim 1 and Claim 2 completes the proof. Now we prove that the well-filteredness satisfies condition (K3).
Lemma 3. Let f : (X, τ )−→(Y, µ) be a continuous mapping between sober spaces. Then for any well-filtered subspace Z of Y , f −1 (Z) is a wellfiltered subspace of X.
Proof. Let {K i } i∈I ⊆ f −1 (Z) be a filtered family of compact saturated subsets of f −1 (Z) and {K i : i ∈ I} ⊆ U with U an open set of X. We show that K i ⊆ U holds for some i ∈ I.
Assume that K i − U = ∅ for every i ∈ I. Then by Lemma 2, there is
Then we can deduce that
Here ↑ Y A denotes the saturation of set A in Y .
Note that every continuous mapping preserves the specialization order. Hence it follows easily that
As X is well-filtered, there exists i 0 ∈ I such that
By the assumption on e, f (e) ∈ Z, so
By Remark 4, {(↑ Y (f (↓ e ∩ K i )) : i ∈ I} is a filtered family of subsets of Y , then {↑ Y f (↓ e∩K i )) ∩Z : i ∈ I} is a filtered family of saturated compact subsets of the subspace Z. As Z is well-filtered, there is i 0 ∈ I such that
But this is impossible. In fact, choose one u ∈↓ e ∩ K i 0 , then u ∈
All these together show that f −1 (Z) is well-filtered.
Lemma 4. Let {X i } i∈I be a family of well-filtered subspaces of a sober space X. Then i∈I X i is a well-filtered subspace.
Proof. We only need to consider the case when i∈I X i = ∅.
Let {K i } i∈I be a filtered family of compact saturated subsets of the subspace i∈I X i , U be an open set of X such that i∈I K i ⊆ U. If K i ⊆ U for all i ∈ I, then by Lemma 2, there is e ∈ i∈I X i such that
Thus there is i 0 such that e ∈ X i 0 . Then
This contradiction shows that there must be K i such that K i ⊆ U, hence i∈I X i is well-filtered.
Theorem 1. For any T 0 space X, there is a well-filtered space W (X) and a continuous mapping η X : X−→W (X) which is universal from X to well-filtered spaces. It is well-known that the product of two sober spaces is sober [1] . However it is still unknown whether the product of two well-filtered spaces is well-filtered. Proposition 1. If X and Y are well-filtered spaces, then the product space X × Y is well-filtered.
Proof. Let {K i } i∈I be a filtered family of compact saturated subsets of X × Y and W ⊆ X × Y open such that
In fact, for each i ∈ I, x 0 ∈↑ X p X (K i ∩F ), so there exists (u 1 , u 2 ) ∈ K i ∩F with x 0 ≥ u 1 . Hence (u 1 , u 2 ) ∈ (↓ X x 0 ×Y )∩(K i ∩F ), here p X : X ×Y −→X and p Y : X × Y −→Y are the projection mappings.
Similarly, (X× ↓ Y y 0 ) ∩ F ∩ K i = ∅(∀i ∈ I).
By the minimality of F , we have F ⊆↓ X x 0 ×Y , as well as F ⊆ X× ↓ Y y 0 . Therefore
Since F ∩K i = ∅, (↓ X x 0 × ↓ Y y 0 )∩K i = ∅ holds for each i ∈ I. Since each K i is saturated , we have (x 0 , y 0 ) ∈ K i (∀i ∈ I). Thus (x 0 , y 0 ) ∈ i∈I K i ⊆ U. There are open sets U 1 ⊆ X, U 2 ⊆ Y such that (x 0 , y 0 ) ∈ U 1 × U 2 ⊆ U.
Applying Lemma 1 to
As X and Y are well-filtered, and {K i : i ∈ I} is filtered, there is a K i 0 such that
This contradicts F ⊆ U c . This contradiction completes the proof.
